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Abstract-We propose an analytical method permitting us to solve the problems of non-stationary heat 
diffusion in multilayered slabs with mutual linear coupling. This extension of previous methods, suitable 
for the single multilayered wall, to the N-wall problem is subjected to a symmetry condition of the 
coupling coefficients h,,. The method is applied to the thermal study of enclosures for which the symmetry 
clause interprets, in fact, the energy conservation law. We give the example of the working of a batch- 
type heat treatment furnace which makes clear the industrial possibilities of the method. 
a’ 
C’ 
I/H’ 
h 
T 
x Dimensionless space coordinate 
P Dimensionless thermal conductivity, (p,~C,~X,:lp;,C;,A[,)’ 1
A’ Thermal conductivity 
P’ Density 
NOTATION 
Thermal diffusivity, h’lp’c’ 
Specific heat 
Thermal resistance, e;,ihl, 
Dimensionless heat transfer coefficient, h’lH’ 
Dimensionless temperature, (T’ - T,;)/(Tk - T:,) 
Dimensionless time 
I. INTRODUCTION 
The equation of diffusion governs a great number of physical phenomena and diffusion through 
composite media gives rise to numerous applications in various domains such as biology, 
chemical or thermal engineering. This work is centered on the last domain. 
As soon as one is interested in conduction in composite materials with more than two 
layers, he cannot use the usual analytical methods[ I]. Indeed, they become very tedious and 
inadequate for use with computers. This is one of the reasons why numerical methods by finite 
difference[2] or finite element[3] have often been prefered to analytical methods these last few 
years. Nevertheless, analytical methods continued to develop-losing their deficiencies. The 
first theoretical contribution in this way, due to Vodicka[4], was independently confirmed by 
Tittle[S]. Both works state the possibility of solving singular Sturm-Liouville problems by 
introducing orthogonality coefficients. Since then, numerous authors have proposed different 
readings and the method has been generalized[6-101. Some examples may be found in [1 I] 
and there is an historical bibliography in [ 121. Even in the unidirectional case, all the applications 
are not so easy to work out. We base our work on a method that has appeared more recently, 
which is the only one allowing the treatment of a n-layer wall as a one-layer wall. In this 
approach, the characteristic determinant giving the eigen-values remains of order two whatever 
the number of layers. and orthogonality coefficients are proportional to the effusivity 
(p,‘c:h,‘)’ ’ of each layer[ 141 in place of the more usual p:c,’ coefficient. 
Independently of the special application form, the search of eigen-values is realized with 
a computer and, as for all numerical techniques, we take the risk of missing some eigen-values. 
Such warnings are all the more necessary since the singular problem leads to a characteristic 
equation with irregular oscillations*. A control may be done during the calculation of eigen- 
+One can notice that the Laplace transform method leads to the same difficulty when searching the poles[ 171 
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values[ 15, 161, it may also be done by comparing the true initial condition to its development 
on the eigen-basis[l4, 18, 191. We used this last technique in this work. 
Engineering applications of these studies concern the thermal behaviour of buildings or 
furnaces. Such enclosures are made up of composite walls thermally coupled to each other by 
radiation and convection on the internal faces. The actual problem is three-dimensional and 
non-linear. Though analytical methods work in the three-dimensional case[6-8, lo], the only 
examples in the literature concern the two-dimensional case[7, 20-221 without surface coupling. 
The complexity of the actual problem calls for a preliminary modeling. In this work we consider 
the following hypotheses: 
(i) Conduction is unidirectional in each layer. 
(ii) During transitory regimes, the thermophysical properties of individual layers are 
constant. 
(iii) During transitory regimes the couplings are linear. 
The first hypothesis is currently used in the technical literature[23] but is actually an approxi- 
mation. The second hypothesis could be missed out if the thermophysical properties were known 
functions of space and time. The third hypothesis is original and widens the domain of appli- 
cations for analytical methods thanks to the possible coupling of one wall with all the others. 
Last, by taking all the non-linearities into accout when calculating the stationary regime we 
settle realistic values of the constant thermophysical properties and of the linear coupling 
coefficients. This point is also original. 
2. DESCRIPTION OF THE ANALYTICAL METHOD 
2.1 The theoretical problem 
We consider N walls. Each wall contains ni layers (see Fig. 1). The origin of the temperature 
scale is the external equilibrium temperature and all the actual temperatures are divided by the 
difference between internal (furnace) and external temperature to form dimensionless temper- 
atures. Following [ 131, we introduce the dimensionless variables: 
ai1 ( 1 
II? , 
4, = 7 
3 a;,t’ 
, t 
t=- 
aij ell e;f 
taking into account hypotheses (i) and (ii), the dimensionless temperature in each layer of the 
ith wall is then governed by the equation: 
dT,, d2T,, 
at 
= F t ’ 0; Xi, E 10, ei,[;j = 1, ni. 
‘/ 
Likewise, the dimensionless flux crossing the x,, plane writes: 
‘Pi, = -pi,?. 
‘/ 
(2) 
Energy conservation and perfect thermal contact at the interfaces between layers result in the 
two following continuity conditions: 
cp,.,+,(O, t) = cp;.,(e,,, t) 
T ,.,+,(O, t) = T,.,(e,,, t) t > 0; j 
The external face is subjected to the boundary condition 
cp,.,(O, t) = -h,,,T,,,(O, t) 
(3) 
= I,n,- I. (4) 
t > 0. (5) 
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Fig. 1 
As stated by hypothesis (iii), the internal face obeys the condition: 
(Pt.n,tei.rr,* f, = hii(T~.n,(e,.n,, r) - 1) + i h,V 1.11, (e,.n,r t) - Tl,.,,l(en+ I)) t > 0. (6) 
A=! 
Last, the initial temperature field is given by 
T,j(X,,, 0) = T,,(X,J X,, E (0, e,jl; j = 1, n,. (7) 
For all these equations i varies from 1 to N. 
2.2 First step: homogeneous problem 
We introduce the Olj(x,,, 1) and a,,(~,,, t) functions by setting: 
T)j(Xi,, ?) = o,](xE], f + s!)(x,,) (8) 
aO,, a,, = -P, dx ’ 
r, 
(9) 
where S,,(x,,,) is the solution of the associated stationary problem. The derivation of that solution 
is given in the Appendix. 
Thus, O,,(x,,, t) obeys the same equation as r,, in (1) and continuity and boundary conditions 
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for the O,,, a,, problem are homogeneous conditions. Notably the equation corresponding to 
(6) becomes: 
@,,,,,k.,,, I t) = hA%.,,,k.,,,  f) + 2 h(@,.,,,(e,.,,,, r) - @l.rt,(eL.,,i, 0). (IO) 
!.=I 
The initial condition is now: 
@,,h,, 0) = T,,k,) - S,,(q) ill) 
2.3 Sturm-Liouville problem 
Following [ 13, 141, we search for an elementary solution of the homogeneous problem by 
separating the variables. We set: 
O&,,, t) = e-pirX,,k(x,,) 
Likewise: 
@j,n(xj,, t) = e-@~‘F,,,(x,,) 
with 
F,,k = - pi, 2. 
‘I 
The Xi,, function obeys the equation: 
d2Xtj, - + &X,,k = 0, 
dx:, 
(12) 
which is deduced from (1). p+ is an eigen-value of the Sturm-Liouville problem. The continuity 
conditions for F,j, and Xi,, are deduced from (3) and (4). They are: 
Fj.,+ d0) = F,.,de,,) (13) 
X ,,,+ JO) = X&J (14) 
The two boundary conditions, deduced from (5) and (10) are 
F,,,(O) = -LX,,,(O) (1% 
and 
F,,,.kk.n,) = hsiXi.,r,.~(e,.n,) + i h,,W ,,,,,. de ,.,,,) - X, .,,,. L(e,.h,)). 
/=I 
(16) 
It is interesting to write Eq. (16) in matrix notation: 
[Fn,.,l = [,~~,liX,,,.,(e,.,,,)l (1) 
where [F ,,,, n] is the (N-lines) column matrix with general term F ,,,,,, k (e 1 K,,Ae,,,, )I is also a ,,,,, , 
column matrix and [,7(,] is a square matrix with the general diagonal term: 
H,, = c 4, 
/=I 
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and with the off-diagonal terms -h,. 
The solution of Eq. (12) is: 
X,j,(Xij) = X,,(O) COS kkX,j - F,j,(O) y. 
JJ 
F,;, takes the form 
F;jk(xij) = F,(O) cos l~+,.~i, + kkB,,X;JO) sin P~x,~. 
Both equations reduce to: 
with 
cos FIXi, - - 
[r!.Jk(X,J)l = &Pi/ 
I@,, sin k4, cos p_r-r,. I 
The continuity conditions (13) and (14) lead to 
[ 1 X;k(ei.,,,) Fide;.,,) 
We set 
/=I 
fl irijkteiJ)l = hl,(l-4 %T,tP-k) 
J=n, L.n,tth) 1 Xt.n,(cLk) . 
Using (15), the double equation (18) may be written with the help 
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(17) 
(18) 
(19) 
of the notation in (19): 
X.,,,Aei.,~,) = tL,t Pk) - bl,.,,,~CLd~Xi. IJO) (20) 
F,.,,,&,.,,) = tL.,,,tl*~) - h~.,Xi.n,tCL~))Xi.~.~tO)~ (21) 
The relation (21) permits us to bring back the external boundary condition of each wall to the 
internal face. In matrix notation (2 1) becomes 
[F,,,.r-1 = [f4~~a)l[X,.,(0)1, 
where the 6( Q-matrix is a diagonal matrix. 
Using (20), the matrix equation (I) is now written 
F,,,,,l = [Jtfl [Y(IJAI IX,.,(O)1 
where the y(pI)-matrix is also a diagonal matrix. Subtracting (II) and (III) we obtain: 
WI = ([‘~~,lMk)l - F%l.mw,.km. 
This homogeneous system admits a non-trivial solution if and only if 
Det ([~~~~l[v(~dI - b%Jl) = 0 
(11) 
(III) 
(IV) 
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The roots of this charactistic equation are the eigen-values pI of the Sturm-Liouville problem. 
2.3 Orthogorralization 
One knows[5] that in such a problem, the eigenfunction basis must be orthogonalized. We 
use the Vodicka-Tittle technique and consider the inner product defined by: 
(x&6,,) = i i P,, 1”’ X,,,(.r,,)X,,,(-T,,)d.r,, 
,=I ,=I 0 
(22) 
By applying the classical method[ I] which uses Eq. ( 12) and integration by parts, the integral 
may be calculated easily. Since 
pi, 5 = -F&J 
1, 
we obtain, for k # 1: 
tXi,tXijl) = (Pf - P-i)-’ i i Xi,k(ei,F,,Le,,) - X,h$F,,&,,) 
Thanks to the continuity conditions (11) and (12), the j-index summation may be performed. 
Using besides the condition (15), the inner product takes the form: 
+ Xi,l(“)Ft,k(o) - Xi,k(“)Fc,lCO). 
N 
txf,kxtjl) = (I4 - d)- C Xl.,l,.,(e,.,,,)F,.,~,.,(e,.,,,) - X . ,,,,(e,.,,,)F,.,,,,~(e,,,) 
,=I 
or. in matrix notation 
By using (I), we transform the second member: 
K,J,iJ = (1.6 - I*~~~‘~~~~,,~~~,,,,~lr~~~~~l’~~,,.~~~,.,,,~l - K,,, (e,.,, )l’~~~~ l ~,,,,~~~,.,,,~l 
or 
&J,,J = (I$ - ~~)-‘([X,,,,(ei.,,)l~([~~~,lr - L fJ )W,,,,kk, n,)lh 
The inner product is nil for k # 1 if the [‘y/‘/,1 matrix is symmetric. We consider now that 
this property is satisfied. 
2.4 Calculation of the e&en-functions 
The eigen-functions X,,,(x,,) depend upon the two unknown constants X,,,(O) and F,,,(O) 
(see (17)) which are now to be determined. Taking the continuity conditions (11) and (12) into 
account, one may, in a general way, write 
[;;:::;I = [ 
5,.,-,(I&) %-I(A) X,.,.,(O) 
Ct.,-I(M X,.,-I(&) I[ 1 F,,,.,(O) .
The two unknowns of the layer j are thus linearly connected with the only corresponding 
unknowns of the first layer in the same ith wall. Since the flux crossing the first layer is 
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proportional to the surface temperature (15), one may, at last, write: 
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X,k(X,,) = x;,m (L-I(b) - h,,,q,,,-,(I%)) cm t-w,, r 
- tL.,-,(lJJ - h”.,X,,,-,(l*i))~ . (23) 
r, 1 
In the practical example which follows, we forced the first unknown X,,,(O) to be unity 
(for a first-order root) and the other unknowns have been calculated by solving the system (IV). 
Comparing formula (23) to the expression giving the eigen-functions in single composite 
wall configuration[ 141, we observe that the only difference is the presence of the X,,JO) coef- 
ficient associated with the wall i in the N-wall problem. 
2.5 General solution 
The previous elementary solution of the homogeneous problem, @,,&x;,,, t) verifies all 
equations and boundary conditions but the initial condition (1 1). The X,,,(x,,,) functions making 
a complete set of orthogonal functions, we can write: 
@,jk,, 0) = 2 G;,&,,) 
k 
Considering Eq. (1 l), we form the inner product: 
(CT,, - S,,)Xijk) = 2 (.u,W,,kX,J 
and owing to the property of this inner product for k # 1, we obtain: 
(( (yk = Tu - Sij)Xi,k) 
(X$) 
The effective calculation of the square (X;,,) is facilitated due to the fact that the j-index 
summation in formula (22) is the same for the N-wall problem as for the single wall problem 
and thus we used the results given in [ 141 for this summation. 
The general solution may now be written: 
T,,(X,,, t) = C &u,e-l"ifXi,,(X,,) + Sij(X,,). 
k 
3. APPLICATION TO HEAT TREATMENT FURNACES 
3.1 Furnace model 
A heat treatment furnace’s purpose is to raise the temperature of a metallic mass in order 
to realize a metallurgic process. The furnace is considered as a set of N composite slabs linearly 
coupled to each other. The metal to treat is the last layer n,, of a particular wall (usually the 
floor). We considered a furnace heated by electrical resistances. 
Modern materials used as isolating layers are made of ceramic fiber. T’nese materials 
possess a thermal conductibility which changes with temperature. A first difficulty for applying 
the previous method appears: it will be necessary to linearize the thermal conductibility of the 
layers. The heat transfer process inside the furnace is often dominated by radiation. One knows 
that radiation laws are power laws of absolute temperature, thus there appears a second difficulty: 
boundary conditions at internal faces will be linearized too. The question is: how to affect a 
realistic linearization? 
We have no definitive answer to this question and we proceed the following way. We 
consider the stationary regime. Since the equations governing the flux in each wall is the same 
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for the nonlinear case as for the linear case, it is possible to choose the same flux in both cases. 
Let be Q,’ this flux:. For temperatures. it is evidently impossible to force both fields to be 
identical but we showed that if one define the mean thermal conductibility of each layer by: 
a, = (qe:,) - .y,(o))-’ I s,,‘c” h,‘,(s,‘,)ds:,. S,,iill 
then the interface temperatures coincide in both cases. 
In order to calculate the fluxes in the nonlinear problem we have to choose a model for 
conductibility variations. We took an exponential variation law in each layer. We have also to 
write the thermal balance equations inside the furnace. These equations are made of two sets[24]. 
One set of N + 1 equations connects the resistance and internal surface absolute temperatures 
to the radiosities, it is a nonlinear system. The other set of N + 1 linear equations gives the 
fluxes: 
.v- I 
Q,' = A,’ B,’ - c G,kB; i = 1,N + 1, (24) 
i=I 
where 23; is the radiosity of the ith wall of actual area A:, Gii is the shape factor and the index 
N + 1 stands for the resistances. 
By using the property of shape factors: 
N+I 
F, GA = 1, 
Eq. (24) may be written 
N 
Q,’ = A;[G;,(B: - B;) + c G,,(B’ - B;)] R = N + I. 
t-i! 
(25) 
Comparing (25) to its analogy in the linear case: 
Q: = A’ WS,.,, k,L,) - Tk) + $ h~kKn,(eL,) - SL ,,,, (e; .,,, 1) 
1 
(26) 
k#, 
which corresponds in dimensional form to the boundary condition (6), we deduce the following 
values of surface exchange coefficients: 
h:, = 
A& . B; - B;, B,’ - B; 
A’ X,(4,,,) - 7% 
h,;, = ‘9 . 
X.,,,(&J - %,JeL,, 1 
i = l.N;i#k. 
The classical property of shapefactors: 
A,‘G;,, = A;Gki, 
ensures the symmetry of the [SXj] matrix. 
We must notice that, in the linear model, the flux density crossing the ith wall is not equal 
to the actual density. This last one is obtained by multiplying the linear flux density by the 
quotient A’IA,’ and since the reference area A’ is an arbitrary area, we simply choose it as the 
unit surface area. 
fWhen solving the nonlinear case, it is not possible to use the non-dimensional quantities introduced in part 2. 
because radiation laws are power laws. Besides, the actual area of each wall is an active parameter in the writing of 
thermal balance equations inside the furnace. These two reasons lead the necessary use of dimensional flux. in place 
of non-dimensional flux density. 
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The above-mentioned parameters A:,, h,: and h,\ have been used for studying the non- 
stationary regime. When t + X, the so-determined linear solution converges to the non-linear 
stationary corresponding solution. but we do not attempt to discuss the ability of that solution 
to describe the true non-linear non-stationary regime. Our aim is only to propose a method for 
calculating values of the linear parameters which are not unrealistic values. 
3.2 Example 
We consider a flat elongate furnace in which only two horizontal walls of equal area are 
supposed to contribute significantly to heat exchanges. The common area of the slabs is used 
as reference area (A ’ in Sec. 3.1). Each wall includes three layers and, conformably to industrial 
realizations, the ceiling (wall index 1) is made of light fibrous materials whereas the furnace 
sole (wall index 2) includes heavy materials. The charge material. made of steel, lays on the 
sole and forms the 41h layer of the second wall. Last, strip elements arranged near the ceiling 
constitute the electric heating system. 
We simulate the following working of the furnace: the charge material being put in the 
“cold” furnace, the resistance temperature is abruptly set to the temperature Tk = 1073 K. 
The whole arrangement emperature rises up thus during the first stage of ten hours (5.01 units 
of non-dimensional time). Then, at this time, the hot charge is changed for a cold one having 
the same physical properties as the previous charge. The evolution of temperature fields is again 
observed during a second stage of ten hours. This type of working which corresponds to batch 
furnace working may be easily simulated by using the method described in part 2. In fact, since 
the stationary regime depends only upon the physical properties of the layers and upon the 
resistance temperature, the linear characteristics are identical during the two stages. Thus the 
complete working is described by a set of eigenvalues and eigenfunctions only. However, the 
initial conditions of the two stages being different, two sets of ok coefficients are required. 
The application is programmed in the Fortran language. The stationary non-linear regime 
is calculated by using an iterative technique in which we associate the Raphson-Newton method[25] 
l&Cl 
c” c 
2 
CL=’ 
0.75 
Q5C 
0.25 
0 
(4 
/ 
1 I I I I I ,,,,,,,,, 
5 10 15 t’ (h) 
2 4 6 8 t 
Fig. 2 
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I I 1 I I . 
5 10 15 tlhj 
1 
2 4 6 8 t 
Fig. 3. 
2 4 6 6 t 
Fig. 4. 
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for solving the non-linear balance equations inside the furnace and a special algorithm for 
calculating the interface temperatures in the walls. This algorithm is based on the exponential 
modeling of thermal conductibilities of the layers, its stability is ensured when the calculations 
progress from the external cold layer to the internal hot layer. This non-linear resolution is 
initialized by a uniform temperature (293 K). The eigenvalues are obtained with the help of 
classical root finding methods. The checking of these calculations is made by comparing the 
true initial condition to its development on the eigenbasis. About 400 eigenvalues are calculated 
but only twenty are used at the twelfth minute after the beginning of the heat transient stage, 
in order to obtain a 10m6 accuracy for temperatures. 
Figures 2 and 3 show the evolution of various interface temperatures respectively for the 
first wall (ceiling) and the second wall (sole and charge). One observes that in the ceiling the 
stationary regime is practically reached at the end of the first stage (Fig. 2), but it is not reached 
in the sole (curves (b), (c), (d), Fig. 3). 
The perturbation induced by the loading of a cold charge at time 1’ = 10 h (t = 5.01) 
progresses differently through the two walls. One finds its effect on the external face of the 
ceiling (curve (d), Fig. 2) one hour after the starting of the second stage but the time-lag reaches 
about 7 hours for the sole. The different structure of the two walls is the reason: the ceiling 
stores a little quantity of heat contrary to the sole. Due to the good diffusion of heat in the 
steel, the curves representing the temperature evolution on the two opposite faces of the charge 
are difficult to distinguish and the curve (a) concerns the face exposed to the resistances. The 
charge temperature is practically homogeneous (within 0.2%) and reaches 0.984 at the end of 
the first stage. This same value is reached 3.5 hours only after the beginning of the second 
f 
(a) 
(a? 
:; 
I I I 
a 4 6 6 -t 
Fig. 5. 
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stage. The origin of this phenomenon is in the double heating mode of the charge: by conduction 
through the sole interface and by radiation of the resistances and of the ceiling. 
We define the energy density crossing the plane I,, between the times to and r by 
EJX,,, to, t) = - v,,(-r,,, ‘ikIT. 
The minus sign is introduced for obtaining positive functions in most of circumstances. 
The significant energies in this problem are E,, and E2, which stand for the energies leaving 
the external faces, El3 and El, which stand for the energies entering the internal faces of the 
walls and last El4 which stands for the energy entering the charge. 
Figure 4 is relative to the first wall (ceiling). One ascertains, by considering the gap 
between the curves (a)-entering energy-and (b&leaving energy-during the first stage that 
this wall stores little heat. The loading of the cold charge has a weak influence on the observed 
shape of the curves before loading. Figure 5, relative to the second wall (sole and charge) shows 
a rather different evolution. At first, the thermal equilibrium is far from being reached at the 
end of the ten first hours: the slopes of curves (a) and (c) are different. Second, at the interface 
between the sole and the charge (curve (b’), Fig. 3, one ascertains during 1.75 hours after the 
loading of the new cold charge that the energy crossing this plane changes sign. This change 
makes clear the partial heating of the steel by conduction through the floor of the furnace. 
4. CONCLUSION 
This work is centered on the description of an analytical method permitting us to solve 
the diffusion equation in composite slabs linearly coupled to each other. This method is an 
extension of the numerous works devoted to the single multilayered wall. The extension is 
submitted to a condition: the coupling coefficients ought to be symmetrical (Iz,~ = h,,). This 
condition is, in fact, the result of the energy conservation principle and does not correspond 
to an actual restriction for studying the thermal exchanges in enclosures. The application of the 
method to industrial heat treatment furnaces runs into the additional problem of non-linearities. 
We don’t solve this problem but only bypass it since the linearization we propose ensures solely 
the convergence of transitory linear fluxes and interface temperatures to the non-linear stationary 
corresponding solutions. 
The example is a typical illustration of the power of the method for industrial applications. 
By means of a set of eigen-values only we can simulate the rather complex working regime of 
a batch furnace. The results show that long-term energy consumption previsions may be obtained 
quickly and at small cost by using this method. 
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APPENDIX: STATIONARY SOLUTION 
The linear function: 
S&c,) = 5,) - ; 4, i = I. N; j = 1, n, (Al) 
‘I 
verifies the heat conduction equation and the flux continuity condition. Owing to the temperature continuity condition 
we may write: 
s,,_ 1 = - & +s 
I%,” ” 
i = I, N; j = I, t*, 642) 
and. for the whole ith vvall: 
,a,- I 
.y,,,, = -F, c $ + s,, i = I.N. 
The boundary condition at the external face: 
F, = -h,,,s,, i = 1.N 
permits us to wrtte (A3) in the form: 
.I,,,, = -f, 
i 
so- I 
2 Z2 + +) = -f,r, 
,=,P,, ,I, 
i = 1.N. (A5) 
The boundary condition at the internal face: 
.f, = k,&,(e,,,,) - I) + i h,,(S,,,~(e ,,,,) - S,,,,(e,,,,)) 
i=, 
writes then. by taking (Al) and tA5) into account: 
f, = k( -.f,r - 1) + i h( -f,r + f&r,) 
ii, 
(A3) 
(A4) 
(A@ 
(A7) 
By Introducing the diagonal matrix [RI of general term r,. the system (A7) is in matrix notation: 
If,lclL’l + [RI[ ‘/,I, = [-/I,,]. 
This matrix equatton gtves the fluxes .f crossing the different walls. The interface temperatures are then calculated 
with the help of the recurrence relatton IA:) Initialized wtth the formula (A3). 
